We obtain a Cartesian form of Putnam's inequality for doubly commuting hyponormal n-tuples, and we establish new relations between the Taylor and Xia spectra of such n-tuples.
. Finally, a version of Putnam's inequality for doubly commuting n-tuples of loghyponormal operators has been obtained in [6] .
All of the above mentioned extensions have been formulated in terms of the polar decomposition T j = U j |T j | of the operators involved, and the standard assumption has been that U j is unitary (j = 1, ..., n). In this paper, we obtain a Cartesian form of Putnam's inequality for doubly commuting n-tuples of hyponormal operators (i.e., T j T k = T k T j and T j T * k = T * k T j for all j = k). Let T ≡ (T 1 , ..., T n ) ≡ (H 1 + iK 1 , ..., H n + iK n ) be a doubly commuting n-tuple of hyponormal operators. Then
where σ ja (H 1 , ..., H n ) is the joint approximate point spectrum of H := (H 1 , ..., H n ), and m is Lebesgue measure on R n . The inequality in (1) Also, observe that the assumption about doubly commutativity is essential for our purposes, because we shall need that both H := (H 1 , ..., H n ) and K := (K 1 , ..., K n ) be commuting, and that H j K k = K k H j whenever j = k. Since the joint approximate point spectrum of a commuting n-tuple of hermitian operators coincides with any other joint spectrum σ * ( [18] , [19, Theorem 5] ), we can replace σ ja in (1) by, e.g., the Taylor spectrum σ T or the Harte spectrum σ H .
Joint Hyponormality
Let H ≡ (H 1 , ..., H n ) be a commuting n-tuple of hermitian operators, and put
It can be easily verified that
We say that an operator R ∈ B(H) has symbols S + j (R) and S − j (R) with respect to H j if for each x in H the limits
exist (cf. [16] ). Since such limits exist also when we replace the continuous real variable t by any sequence t n → ∞, and since strong limits of sequences of bounded operators are bounded, the symbols S
n we now let
( [16] , [17] ); the Y k 's are the general symbols of Y with respect to H.
n , and let R be an operator in B(H) for which
We can write R k as a linear combination of operators of the formR m , whereR 0 = R,
, and a m , a m−1 , ..., a 1 ∈ {+, −}. Therefore, it suffices to show that H jRn =R n H j for j = 1, 2, ..., n. This follows immediately from the following three identities:
Now, the first two identities in (3) follow from the definition of S ± m and from the fact that H j and H m commute for j = m. For the reader's convenience we reproduce here the proof of the third identity, given in [16] . For simplicity, we focus on the case when a j = + (the case when a j = − being entirely similar). Fix a real number τ and write
If we now pass to Taylor expansions we obtain
Comparing the coefficients of τ on both sides of (4), we obtain S
The following concept (without its name) was used by D. Xia in [16] . Let H ≡ (H 1 , ..., H n ) be a commuting n-tuple of hermitian operators, and let Y also be a hermitian operator. The Xia spectrum of (H, Y ) is
where Y k is given by (2) . In Definition 2, Y need not commute with
Our proof of Theorem 1 will make use of the following result due to Xia ([16] , Theorem 10).
Theorem A. Let H ≡ (H 1 , ..., H n ) be a commuting n-tuple of hermitian operators, and let Y be hermitian. If (H, Y ) is hyponormal, then
where m(·) denotes Lebesgue measure in R n+1 .
Proof of Theorem 1
We start with the following result.
.., H n + iK n ) be a doubly commuting n-tuple of hyponormal operators, and let
Since
it follows that
On the other hand, the projection property for σ ja ([2], [11] ) implies that
for every k
n and put
Since (T 1 , ..., T n ) ≡ (H 1 +iK 1 , . .., H n +iK n ) is a doubly commuting n-tuple of hyponormal operators, we have
By combining (6), (5), (7) and (8) we see that
as desired. The proof is now complete.
Relations between the Taylor Spectrum and the Xia Spectrum
Let T ≡ H + iK be a doubly commuting n-tuple of hyponormal operators. The Xia spectrum of T is
where
Observe that unlike the Taylor spectrum σ T (T) ( [7] , [13] , [14] ), the Xia spectrum of T is a compact nonempty subset of R n+1 . In this section we prove the following result.
Let T ≡ (T 1 , ..., T n ) be a doubly commuting n-tuple of hyponormal operators, and consider the map P : C n → R n+1 given by P (a 1 +ib 1 , ..., a n +ib n ) := (a 1 , ..., a n , b 1 ·...·b n ). Then P (σ T (T)) = σ X (T).
We have already discussed the role of doubly commutativity in Theorems 1 and 4 (see last paragraph of the Introduction). Moreover, a careful analysis of the proof of Lemma 5 below exhibits the significance of hyponormality in the statement of Theorem 4.
We first consider the single operator case. Let T ≡ H + iK be hyponormal. In this
As shown in [17, Chapter 2, Theorem 2.6], K k is self-adjoint and
Let T ≡ H + iK be a hyponormal operator. Then 
, the spectral mapping theorem for σ T , when applied to f , yields
We shall also need the Berberian Extension Theorem ([1], Theorem 1) . Theorem B. Let B(H) be the algebra of all bounded operators on H. There exist an extension space K of H and a faithful * -representation π :
where σ p denotes (joint) point spectrum. Moreover, if T is hyponormal, then T • is also hyponormal.
Proof of Theorem 4. (i) Proof of the inclusion σ X (T ) ⊆ P (σ T (T ))
. Assume that (a 1 , ..., a n , b) ∈ σ X (T 1 , ..., T n ). Using mathematical induction, we shall show that there exist real numbers b 1 , ..., b n such that (a 1 + ib 1 , ..., a n + ib n ) ∈ σ T (T 1 , ..., T n ) and b = b 1 · ... · b n . For n = 1 we use Lemma 4. Suppose Theorem 4 holds for (n − 1)-tuples. Since (a 1 , ..., a n , b) 
n and a sequence {x } of unit vectors such that
where as usual
By (10) and (9)
(by the spectral mapping theorem for σ ja and Theorem B). Put
It follows that (a 1 , ..., a n−1 , b 0 ) ∈ σ X (H
is a doubly commuting (n − 1)-tuple of hyponormal operators on M and (a 1 + ib 1 , ..., a n−1 + ib n−1 ) ∈ σ T (T
is not invertible on M and hence not invertible on K (recall that σ T = σ r , the right spectrum, for doubly commuting n-tuples of hyponormal operators [7] ). By Theorem B we have
Then N L is a non-zero subspace of K. Hence we have (a n ,
is not invertible. Hence, by Theorem B, there exists a non-zero vector w
Therefore, there exists a sequence {x p } of unit vectors in H such that
Hence we have (a 1 + ib 1 , ..., a n + ib n ) ∈ σ T (T 1 , ..., T n ) and
(ii) Proof of the inclusion P (σ T (T )) ⊆ σ X (T ). Assume that (c 1 + id 1 , ..., c n + id n ) ∈ σ T (T 1 , ..., T n ). Hence there exists a sequence {x q } of unit vectors such that
Consider again the Berberian extension space K of H and let
By Theorem B there exists z
is a doubly commuting (n − 1)-tuple of hyponormal operators on U, we know that (c 1 + id 1 , ..., c n−1 + id n−1 ) ∈ σ T (T Since U V = (0), we have c n + id n ∈ σ(T • n | V ). Thus, by Lemma 4 we have (c n , d n ) ∈ σ X (T n ) and hence there exists 0 ≤ m n ≤ 1 such that (c n , d n ) ∈ σ ja (H n , E n ), where E n := m n S + n (K n ) + (1 − m n )S − n (K n ). Since H n + iE n is a normal operator, there exists v
• ∈ V such that
Put m = (m 1 , ..., m n ). Since 
